Abstract. In this paper, we classify all capable nilpotent Lie algebras with the derived subalgebra of dimension 2 over an arbitrary field. Moreover, the explicit structure of such Lie algebras of class 3 is given.
Recently, Niroomand et al. in [18] proved the capable generalized Heisenberg Lie algebras of rank 2 have dimension at most 7 over a filed of characteristic not equal to 2. They developed the result of Heineken [11] for groups to the area of Lie algebras. They also characterized the structure of all capable nilpotent Lie algebras of class two when dim L 2 = 2. In virtue of the recent results in [18] , in this paper we intend to classify the structure of all capable nilpotent Lie algebras of class two with the derived subalgebra of dimension 2 over an arbitrary filed. Furthermore, we determine the structure of all nilpotent Lie algebras of class 3 with the derived subalgebra of dimension 2 and then we specify which one of them are capable.
Preliminaries
All Lie algebras in this paper are finite dimensional. The Schur multiplier of a Lie algebra L, M(L), is defined as M(L) ∼ = R ∩ F 2 /[R, F ] where L ∼ = F/R and F is a free Lie algebra. It can be shown that the Lie algebra M(L) is abelian and independent of the choice of the free Lie algebra F (see [1, 2, 4, 10, 13, 14, 15, 16, 17] for more information on this topics). Throughout the paper ⊗ used to denote the operator of usual tensor product of algebras. For a Lie algebra L, we denote the factor Lie algebra L/L 2 by L (ab) . Also we denote an abelian Lie algebra of dimension n by A(n).
The following proposition plays a key role in detecting the capability of Lie algebras.
Proposition 2.1. Let L be a finite dimensional Lie algebra with a central ideal I. The following lemma from [19] is a useful instrument in the next investigations.
Lemma 2.2. Let I be an ideal of a Lie algebras L such that L/I is capable. Then Z * (L) ⊆ I.
The next corollary shows that the epicenter of a Lie algebra is contained in its derived subalgebra. Corollary 2.3. Let L be a finite dimensional non-abelian nilpotent Lie algebra. Then
Proof. Since dim L/L 2 ≥ 2, L/L 2 is capable, using [17, Theorem 3.3] . Therefore the result follows by Lemma 2.2.
We need the notion of a central product of Lie algebras, it is defined as follows. The Heisenberg Lie algebra can be presented in terms of central products.
Lemma 2.5. [12, Lemma 3.3] Let L be a Heisenberg Lie algebra of dimension 2m + 1. Then L is central products of its ideals B j for all 1 ≤ j ≤ m such that B j is the Heisenberg Lie algebra of dimension 3.
It is not an easy matter to determine the capability of a central product in general. The next result gives the answer in a particular case.
and so L is non-capable.
Following [18, Propositions 2.4 and 2.6], for determining the capable nilpotent Lie algebras of class 2 with the derived subalgebra of dimension 2, it is enough to consider a generalized Heisenberg Lie algebra H when
Throughout the paper multiplication tables with respect to a fixed basis with trivial products of the form [x, y] = 0 omitted, when x, y belongs to the Lie algebra. Nilpotent Lie algebras of dimension at most 5 can be described uniformly over all fields in [5, 7, 8] . For the dimension 6, 7 over an algebraic closed filed the structure are known in [5, 7, 8] . Using notation and terminology of [5, 7, 8] , we list the generalized Heisenberg Lie algebras of rank two of dimension at most 6 and 7 over field of characteristic 2 and characteristic different 2, respectively. Recall that in a field F of characteristic 2, ω denotes a fixed element from F \ {x 2 + x|x ∈ F}.
Theorem 2.7. Let H be a generalized Heisenberg Lie algebra of rank 2. Then (i) over a field F of characteristic 2, the list of the isomorphism types of generalized Heisenberg Lie algebras of dimension at most 6 are the following:
where η ∈ {0, ω}, (ii) over a field F of characteristic different from 2, the list of the isomorphism types of generalized Heisenberg Lie algebras of dimension at most 7 are
where ǫ ∈ F/( * ∼) and char F = 2,
capable generalized Heisenberg Lie algebras of rank two
Here, we are going to determine the structures of capable generalized Heisenberg Lie algebras of rank two. By [18, Proposition 2.6], generalized Heisenberg Lie algebras with the derived subalgebra of dimension 2 are capable if their dimension lies between 5 and 7. According to Theorem 2.7, we have the presentation of all capable generalized Heisenberg Lie algebras of rank two over a filed F with char F = 2. But when char F = 2 the structure of them is unknown. Therefore, at first we intend to find the structure of them on an arbitrary filed and then we determine which ones are capable.
Theorem 3.1. Let L be a 7-dimensional generalized Heisenberg Lie algebra over a filed F with char F = 2 of rank two.
. There exist two ideals I 1 / z 2 and I 2 / z 2 of L/ z 2 such that
By changing variable, we assume that
. There exist two ideals I 3 / z 1 and I 4 / z 1 of L/ z 1 such that
Clearly, L = I 3 + I 4 and [I 3 , I 4 ] ⊆ z 1 . We claim that q, x 1 ∈ I 3 and [
It is a contradiction. Thus q − a − αb ∈ z 1 and a + z 1 = 0. We have
and so
Since the set {x 1 , y 1 , x 2 , y 2 , z 1 , z 2 , q} is linearly independent and L is a Lie algebra on filed over characteristic two,
we have η 7 = 0 and η ′ 7 = 0. Thus q + z 1 ∈ I 3 / z 1 . Hence q ∈ I 3 . Now, we prove that x 1 ∈ I 3 . By contrary, assume that x 1 / ∈ I 3 . We may assume that
q. Now, since the set {x 1 , y 1 , x 2 , y 2 , z 1 , z 2 , q} is linearly independent and the characteristic of the field is 2, we have
∈ I 4 / z 1 and hence β 1 = 0 and β
By contrary, let α 9 = 0. Using the same procedure as used in the previous step, we can show 
. Now, without loss of generality, assume that [y 1 , y 2 ] = 0. Using the same process, we may prove [x 2 , y 1 ] = 0 and y 1 , y 2 ∈ I 3 and
Proof. The result follows from Theorems 2.7 (ii) and 3.1.
The following result gives the Schur multipliers of Lie algebras L 6,22 (ǫ) and L (2) 6,7 (η). It helps to determine the capability of these Lie algebras in the next proposition. Proof. Using the method of Hardy and Stitzinger in [10] , we can obtain that in both cases, the dimension of the Schur multipliers are 8.
In the characterizing of capable generalized Heisenberg Lie algebra of rank two of dimension 6 in [18, Theorem 2.12], the Lie algebra L 6,22 (ǫ) is missing. Here, we improve this result as bellow. Proof. Let L ∼ = L 6,22 (ǫ) is capable. Then by using Theorem 2.7, we have L 6,22 (ǫ) 2 = Z(L 6,22 (ǫ)) = x 5 ⊕ x 6 . By Proposition 2.1 (ii) and [19, Corollary 4.6] , it is enough to show that dim M(L 6, 22 
Therefore L 6,22 (ǫ) is capable. By a similar way, we can see that L (2) 6,7 (η) is also capable. The proof is completed.
The next result is useful. We know that every nilpotent Lie algebra with the derived subalgebra of dimension 2 is of class two and three. In this section, we are going to obtain the structure of stem Lie algebras of class 3 with the derived subalgebra of dimension 2. Then we determine which of them is capable. Moreover, we show that all such Lie algebras of dimension greater than 6 are unicentral. Recall that an n-dimensional nilpotent Lie algebra L is said to be nilpotent of maximal class if the class of [4] for more information).
From [8] , the only Lie algebra of maximal class of dimension 4 is isomorphic to
We say a Lie algebra L is a semidirect sum of an ideal I and a subalgebra K if L = I + K, I ∩ K = 0. The semidirect sum of an ideal I and a subalgebra K is denoted by K ⋉ I.
Let cl(L) denotes the nilpotency class of a Lie algebra L. The following two lemmas characterize the structure of all stem Lie algebras L of dimensions 5 and 6, when cl(L) = 3 and dim L 2 = 2.
Moreover, L 5,5 = I ⋊ x 4 , where
, and [I,
Proof. By the classification of 5-dimensional nilpotent Lie algebras in [8] , we get
Proof. By the classification of 6-dimensional nilpotent Lie algebras in [8] , we get L ∼ = L 6,10 . Clearly Z(L) = x 6 and L 6,10 = I+K, where
The following proposition is an useful instrument in the next. Proof. 
In this case we show that K ∩ I = 0, which is a contradiction. So this case does not occur. By using Jacobian identity, for all 1 ≤ i ≤ n − 4, we have 4 , in which α = 0 and β = 0 for i = j and fixed i, j. 
In the following, we determine the central factor of all stem Lie algebras T such that cl(T ) = 3 and dim T 2 = 2.
Lemma 4.5. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3 and
. It completes the proof.
In the following theorem, we determine the structure of all stem Lie algebras of class 3 with the derived subalgebra of dimension 2.
Theorem 4.6. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3 and dim T 2 = 2. Then one of the following holds 
. Now we are going to determine the structure of I 2 . We have I 2 /Z(T ) ∼ = A(n − 4) so I 
In the following theorem, we classify all non-capable stem Lie algebras of class 3 with the derived subalgebra of dimension 2.
Theorem 4.7. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3, dim T 2 = 2 and n ≥ 6.
Proof. By Theorem 4.6 (c) and (d), we obtain (
By using Proposition 2.6, T is non-capable. The result follows.
The capable stem Lie algebras of class 3 with the derived subalgebra of dimension 2 are characterized as following. 
. Thus L 4,3 and L 5,5 are capable.
We are in a position to characterize the capability of an n-dimensional stem Lie algebra T such that cl(T ) = 3 and dim T 2 = 2.
Theorem 4.9. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3 and dim T 2 = 2. Then T is capable if and only if
Proof. Let T be capable. By Theorems 4.6, 4.7 and Lemma 4.8, T is isomorphic to L 4,3 or L 5,5 . The converse holds by Lemma 4.8.
The next theorem gives a necessary and sufficient condition for detecting the capability of stem Lie algebras of class 3 with the derived subalgebra of dimension 2.
Theorem 4.10. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3 and dim T 2 = 2. Then T is capable if and only if 3 ≤ dim(T /Z(T )) ≤ 4.
Proof. The result follows from Lemma 4.5 and Theorem 4.9.
Recall that a Lie algebra
Corollary 4.11. Let T be an n-dimensional stem Lie algebra such that cl(T ) = 3 and dim T 2 = 2. Then T is non-capable if and only if n ≥ 6. Moreover, T is unicentral.
Proof. The result follows from Theorems 4.7 and 4.9.
Nilpotent Lie Algebras with the derived subalgebra of dimension two
In this section, we are going to determine all capable nilpotent Lie algebras with the derived subalgebra of dimension 2. At first we show that every finite dimensional nilpotent Lie algebra of class 3 with derived subalgebra of dimension 2 can be considered as a direct sum of a non-abelian stem Lie algebra of class 3 and an abelian Lie algebra. The following result shows that the capability of the direct product of a non-abelian Lie algebra and an abelian Lie algebra depends only on the capability of its nonabelian factor. In the following theorem, all capable nilpotent Lie algebras of class 2 with the derived subalgebra of dimension 2 are classified. We are ready to determine all capable Lie algebras of class 3 when its derived subalgebra is of dimension 2. We summarize all results to classify all capable nilpotent Lie algebras with the derived subalgebra of dimension at most two.
Theorem 5.5. Let L be an n-dimensional nilpotent Lie algebra with dim L 2 ≤ 2. Then L is capable is if and only if L is isomorphic to one the following Lie algebras.
(i) If dim L 2 = 0, then L ∼ = A(n) and n > 1.
6,7 (η) ⊕ A(n − 6), L ∼ = L 6,22 (ǫ) ⊕ A(n − 6), or L ∼ = L 1 ⊕ A(n − 7). 
